Abstract. We prove that a monoid M is a group if and only if, in the category of monoids, all points over M are strong. This sharpens and greatly simplifies a result of Montoli, Rodelo and Van der Linden [8] which characterises groups amongst monoids as the protomodular objects.
Proof. It is shown in [4] -this is Proposition 2.2.4 combined with Lemma 2.1.6-that for any group M , all points over it are homogenous, which makes them (stably) strong. So in particular, if M is a group, then all points over M are strong. We prove the other implication.
Consider m P M and the induced split extension
where m : N Ñ M is the morphism which sends the generator 1 of pN,`, 0q to the element m of M . By the assumption that ppm 1 M q, ι M q is a strong point, 1 P N can be written as
m n for some k j P K and m j P M . Since 1 is not invertible in N, it must appear in exactly one of the factors k j in the product on the right, say in k i`1 . Then neither k 1 m 1¨¨¨mi nor m i`1¨¨¨kn m n contains any non-zero elements of N, so we have that in N`M 1 " a 1 kb 1 for some a 1 , b 1 P M and k P K. Since 1 appears in k we can write k " a1b where a, b P M . Necessarily then e M " a 1 a and e M " bb 1 , because 1 " a 1 a¨1¨bb 1 . Furthermore, since k is in the kernel of pm 1 M q, we also have that e M " amb. So, clearly, a and b are invertible. As a consequence, m is invertible as well. We conclude that M is a group.
Note that the above proof shows in particular why M is gregarious in the sense of [1] , which means that for any m there exist a and b such that e M " amb. However, the proof also shows that those a and b are invertible, and thus M is a group.
This result seems to indicate that in certain cases (like, for instance, in the category of monoids) it makes sense to weaken the definition of a protomodular object M -all points over M are stably strong-to the condition that those points are strong. This, and related considerations, will be the subject of future joint work with the authors of [8] .
